A CONTRIBUTION TO THE THEORY OF
TOEPLITZ MATRICES

BY
ULF GRENANDER

1. Introduction. Consider an abstract space X with a o-algebra ¥ of sub-
sets on which a measure m is defined (see e.g. P. R. Halmos, Measure theory).
The elements in X are denoted by x. Let ¢,(x), v=0, 1, - - -, be a sequence
of functions on X, orthonormal with respect to m,

fx (D)X (2)dm(x) = b,(1); b= 0,1,

and complete in Ly(X). If f(x) is a bounded, (¥)-measurable, and real-valued
function on X, we introduce the infinite matrix

M(f) = {m'll(f);"r“ = 01 1’ cte }y

with the elements

o) = fx 6.(2)oH ()] (2)dx.

Note that for f(x) =1 we get the identity matrix
M) = {syiv,p=01,---} =L

As m,.(f) =my(f) the matrix is Hermitian.

If $ is the complex Hilbert space of vectors 2&9, 2= (20, 2, + * + ) with
>0 | 2| 2< o, the matrix M(f) defines a linear Hermitian bounded oper-
ator in § with values in the same space. The boundedness follows easily from

M) = > sgama(f) = fxls(x)lzf(x)dm(x),

Y, =0

where

0

s(x) = 22 zi(4),

pea0

which sum converges in the mean. As
[ s limta) = 3 ]2 = sl
X =0
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we get

(1) ml|s|? < (=, Mz) < M]|4]J2,

where m =inf,.x ess f(x), M =sup..x ess f(x) so that
[|3]] < max (| m], | M]).

The operator M(f) has a well defined spectrum S(f) on the real axis and
it follows from (1) that it is contained in the interval (m, M). It is easy to
find S(f) by considering the isometric problem obtained by mapping $ onto
Ly,(X) by

2= (30,21, ) © 2 56,(2).
v==0

The operator N(f) in Ly(X) corresponding to M(f) is of a simple form. If
k. is a unit vector along the uth coordinate axis in § (so that k.¢,(x)) then

M(f)h, = i()’m,,.(f)h,,
so that
N(éu(a) = Z o)) = "20@,; 082 = J(2)6(2).

As this holds for every u, N(f) consists simply in multiplication by the func-
tion f(x),

N(f)g = f(x)g(=), 8 € Ly(X).

Now it is well known that the spectrum of N(f), which coincides with S(f),
is the point set of all the values of f(x), when x runs through X. S(f) is the
“Wertevorrat” of f(x).

M () is called an infinite Toeplitz matrix because of its similarity to a type
of infinite matrices studied by Toeplitz [1]. He considered essentially the case
where X is the interval (0, 27), m is Lebesgue measure, and

ewz, y=...'_1,0’1'...'

(%) = (2m)1/2

In this case v runs through all the integers instead of only the non-negative
ones, but this difference is not important.

In this paper we shall study the finite Toeplitz matrices M,(f), which are
sections of M(f),

Mﬂ(f) = {m,,,(f);v,p = Oy 1) R (2 1}-

As M,(f) is still a Hermitian matrix it has » real eigenvalues A&, A®, - - -,
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A? .. It is in most cases not possible to get explicit expressions for A™, but
as we shall show, one can in many cases describe their asymptotic distribu-
tion as » tends to infinity. To do this we regard the associated distribution
function

number of )\(,,") =<t

D,(t; f) =

If there is a distribution function D(¢; f) such that
lim D,(¢; f) = D(t; f)

fn—o
for every value of ¢ at which D(¢; f) is continuous, then we shall say that the
Toeplitz matrix has an asymptotic eigenvalue distribution given by the dis-
tribution function D(¢; f).
This problem was solved by Szegé [5] for the finite matrices correspond-
ing to the original case considered by Toeplitz. He showed that

Lebesgue measure of { x| f(x) < ¢}

D(t; f) = ™

Typical for this case is not only the existence of an asymptotic eigenvalue
distribution butthe simple dependence of thison the function f(x). Something
similar to this happens in other cases, and it will be convenient to introduce
a concept to describe this. If the limiting distribution D(¢; f) depends upon
fin the following way

D(t; f) = u{x| f(x) = ¢},

where u is a normed measure on (%), u(X) =1, then u is said to be a canonical
distribution. This term is motivated since all the distributions D(¢; f) can be
obtained as the distribution of f(x), when x is distributed over X according to
the measure u. For the classical Toeplitz forms Szegé's result is equivalent to
saying that the matrices have the canonical distribution u=1/2r Lebesgue
measure. Results of this type are of importance in various branches of pure
and applied mathematics.

2. Approximation of Toeplitz matrices. As the eigenvalues are uniformly
bounded, m AP <M; »=0,1, -+, n—1, n=1,2,---, we can describe
the eigenvalue distributions completely by their moments

us (f) = -l—”i AT = fMtpan(t;f)-

n y=0 m

If we can show that there is a distribution D(f) with moments

b= [ " wan(s),

m
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such that for all positive integers p

@ lim wo () = g,

then it is clear that the eigenvalues of M,(f) have D(t) as an asymptotic
distribution.

It will be of considerable help that in a rather general case it is not neces-
sary to verify (2) for every p but only for p =1. Before we discuss this, how-
ever, we shall have to consider questions of approximation of Toeplitz

matrices.
We want to introduce a metric in the linear space of all X7 matrices.

One that is commonly used is

ll4]] = max |z*4s].
lzl=1

For our purpose it is convenient to use the definition
1 n—1 1/2 1 1/2
l4] = {—2 |a,,,|2} = {—trAA*} .
N y,u=0 n
In terms of the eigenvalues we have, if the matrices are Hermitian,

n—1
M, [A|2=—12x.’;
N ye0

4] = max

Let us first prove
LEmMMA 1. Let A, B, C be Hermitian nXn matrices. Then
|(1/m)xt(4BC) |* < |4]|2| BY[c]|*.

Proof. First it is clear that if G is any # X# matrix, Hermitian or not, with
the eigenvalues \,

det (G — \JI) = 0, v=0,1---,n—1,
then
3) | (1/m) rG| = |G].

Indeed we can find a unitary matrix U so that the transformed matrix U*GU
is of superdiagonal form
U*GU = {'Ym;”rﬂ=01 1,"',‘”— l}y
You = 0if u<vw.

As the trace of the matrix is left unchanged and as the eigenvalues of G are
Yoo, Y11, * * *, Yn-1n—1 We find by applying Schwarz inequality
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1 2 1 = 1 1
—trG =l_z _Z|’va .
n | n o
But
1 1 n—1 n—1
|G|z = — rGG* = — tr UGU*UG*U* = — Z |y |2 = —Z | ¥ |2
N yu=0
which proves (3).
If G is Hermitian then
n—1 2 1 _ 1 N
|GH|* = — Z 2 pihi| = — 2 guBahmd = — 2 2 fuhihy,
v.u=0 | k=0 n v lk noou Lk '
where
={fu;l,k=0,1,--+,n— 1}.
Hence

|GH|* = HG|12 2 | bl = [l ]

Repeated use of this together with (3) proves the lemma.
Now we can easily dominate the norms of Toeplitz matrices. Indeed we
have

LEMMA 2.

| Ma.(f)]] < sup ess | 7(2) |,
| M.(f)| <supess|f(2)].

Proof. The first relation has already been proved in 1. To prove the
second one we use Parseval's relation

Z L) 2= 32 | s 0 |2 = l6ofll? < sup ess | f(x) |2

p=0 p=0

so that

IMn(f)l2__ Z Imvu(f)l <supess If(x)|2

v, u=0

and the result follows directly. The Toeplitz matrices are continuous trans-
forms of f in both the metrics used.

It may also be noted that these transforms are monotonic. Consider e.g.
the finite case M,(f). Then if f{x) g(x), xEX, we have
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Z*Ma(f)z — z*Ma(g)s

HAUAf — )z
fx | S 5(x) [2[(2) — g(a)Jdm(a) =

so that we have M,(f) < M.,(g).

We finally prove a third lemma which implies that the limiting eigen-
value distribution of a sequence of Hermitian matrices depends continuously
upon the matrices if the second metric is used.

LEMMA 3. Let M., n=1, 2, - - -, be a sequence of Hermitian matrices with
etvenvalue distribution D, (t) belonging to a finite interval. If there is another such
sequence N, with an asymptotic eigenvalue distribution D and if

lim | M, — N.| =0,

n—>0
then M, has also an asymptotic eigenvalue distribution and this coincides with D.

Proof. Writing M, = N,+A, we have for any positive integer p

M, = N+ R,,

where R, is a sum of a number (not depending on n) of terms of the type
A.A.B,, where A, and B, are Hermitian uniformly bounded matrices. Using
Lemma 1 we obtain

<'°=iz or_ L - itrN,’.’+o(1)
N y=0 n n

if A" are the eigenvalues of M,. But the eigenvalues I of N, have moments

m® =(1/n) 3_"-¢ I™? that converge, say to m,, as n tends to infinity. But

lim, ., p™ =m, implies that D,—D, which proves the lemma.

3. Trace complete families of Toeplitz matrices. Let us suppose in this
section that we have already proved for M,(f) in some way the existence of
lim,., u(f) =m(f) for every f in the class of functions C that we want to
consider. We shall see below how this can be done in a fairly simple way in
many situations To obtain a complete result we would then have to deal
with the moments of higher order, which will involve some cumbersome cal-
culations. Sometimes we can avoid this in the following way.

Let f and g be two functions in the set C, which will always be chosen as
a subclass of all real valued bounded and (¥)-measurable functions; we con-
sider the associated Toeplitz matrices M(f), M(g). As Parseval’s relation holds

(MDME) = 3 ma(Dmaale) = 3 (b ) (gvi be)*

K=0 K=0

= (fé; gbu) = {M(fg) } o
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or

4) M()M(g) = M(fp).

This is a relation between infinite Toeplitz matrices. No such relation holds
in general for the finite matrices M,(f). But for an important class some-
thing similar holds and it is convenient to introduce the following.
DEFINITION. A class of Toeplitz matrices M,(f), fEA, where A is a given
set of functions, closed under multiplication, is said to be trace complete if

for anyfhf% et ,freA, one has

1
lim — tr { Ma(f)Ma(f2) -+ + Ma(f) — Ma(fifar -+ £} =0

n—eo N

THEOREM 1. Suppose that for all the matrices M,(f), fEA, the first order
eigenvalue moments exist

lim — A% = (),

noo Ny

and that the said matrices form a trace complete class. Then these matrices have
asymptotic eigenvalue distributions with moments m, given by

my = pi(f7).
Proof. The proof is immediate as

(n) (n)

P (f)=—trM(f)——trM(f")+o(1)~n1 () + o(1)

and lim,., p(f) =m(f?). In spite of its simplicity this result reduces the
problem dealt with considerably in most cases.

We now have to find a way to determine whether a given class of Toeplitz
matrices is trace complete or not. The condition in the following theorem is
probably far from necessary, but the criterion will suffice, when we study the
matrices associated with some of the classical orthonormal systems.

THEOREM 2. If for every fEA we have

1
wlf) =0\——=),
i =0 (55 =5)
then { M.(f); fEAY} is a trace complete class.

Proof. We have to consider two sums of the type

(5 Z m’x':(f l)m"m(f 2) e m'pvx(f p)'

In one sum, S,, the summation is extended over all indices between 0 and
n—1,
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0Sv;iSn—1; j=1,2-+,9p.
Of course S,=tr M,(fi)Ma(f2) + + - Ma.(fp). The other sum, T,, is obtained
by summing over

0»yn=n-—1, 0=v;< o ; i=23---,9.

Using (4) we see that this is' Ta=tr M,(fifs « * * fp)-
Consider the difference T',— S,. For p =1 we have T, =S, so that we need
only consider p>1. It can be written as a finite and fixed number of terms,
each of which is of the form (5); here the summation extends over 0=,

=n—1, at least one of the other subscripts runs from # to infinity and the
remaining subscripts run from 0 to infinity. E.g. in the case p =2 we have

Th— Sa= 2 My (f )M, (f2),

05rSn—1,nSre<e0

and for larger values of p we obtain more terms of the type described above.
The indices in the third category are easily dealt with. Since

i‘; mru(f)ma(g) = mxalfg), g € 4,

T,—S., consists of a number of terms of the type

Zmn':(gl)mnmn(gﬁ) v m'c':(gc)v

where
9= p
81,82,"‘,gq€a4,
Oéylén—ls
nél’j<w, j=2,3,...,q.

For n<1<k we have

> munlgyma()| <
h-zn ma(Ebma(B) néuSEJ:'m/z + (k+l)z/;<n<co [T+ = B2+ (v — 1)?]

2¢ d 1 1
< S -of ).
14+ —k)/2)2 35 142 14 (k- 1)
so that we finally arrived at sums of the type
Stib, O0=ZvEn—1,nSk< o,

with the a’s and b’s bounded by O(1/(1+4 (v —)?). Then Schwarz’ inequality
gives
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lim '1— (Tn - Sn) =0,
n—eo N
which is the relation that was to be proved.

Theorem 2 enables us to deal with situations where 4 is a sufficiently
restricted subset of C How this is done will be seen later. At present we note
only that it is often possible to carry over the result to the whole set C. We
have namely

THEOREM 3. Let A form an algebra over the field of real numbers and be
everywhere dense in C, CC A. Let U be a basis in A. If we have proved for every
g€ that

(i) lim pin)(g) exists and is, say, p1(g),

n—oo

1
ii) m,, =0(————),
@ mate) = (5 5—)
then every Toeplitz matrix M,(f), fEC, has an asymptotic eigenvalue distribu-
tion with the moments m, =L(f?). Here L(f) is a linear functional in C coinciding

with u(f) for fEN.

Proof. The conditions (i), (ii) are clearly true also for every g&A4 and
Theorems 2 and 1 show that M, (f), fEA, has the asymptotic eigenvalue dis-
tribution determined by the moments m,=u;(f?). The first order moment
w1(f) is a linear functional defined in 4. It is bounded, because we have from
Lemma 2

1 n
| () l = | lim Itr M. (f) | £ lim sup max | )\f )I

n—o

= lim sup | Mo(/)]| = sup ess |1(=) | = /]|
There exists a linear bounded functional L(f) defined for f& C and coinciding
with ui(f) in 4.
For a given f€C we choose functions g.€4 so that ||f—g.||=1/n,
n=1,2, - -.Then M,(g,) is a sequence of Hermitian matrices of uniformly
bounded norm || M.(g.)|| £||f|| +1. But for any p=1 we have

1 » 1 »
— tr Mi(g) = — tr Mugn) + Olflgn = gl]-
Keeping m fixed we let # tend to infinity

1
lim sup | — tr Ma(g.) — L(gm) | = O(f — gnl)-

n—w n
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so that
1
lim — tr Ma(ga) = L(f).

n—wo N
The assumptions of Lemma 3 are now satisfied if we choose N, = M,(g,) and
the result follows. ’

4. Determination of the functional L. The general procedure dealing with
problems of the type studied in this paper will be the following:

(i) Choose C, 4, and ¥ in a way to simplify the formal manipulations.

(ii) Show that M,(g), gEA, is a trace complete class of matrices, e.g.,
by applying Theorem 2.

(iii) Determine ui(g), gE4, and extend the functional to C.

(iv) Calculate the limiting eigenvalue distribution with the moments
mp=L(f?). Find out whether these distributions are generated by a canonical
distribution.

So far we have not considered the question how the existence of ui(g)
should be proved or how this functional should be computed. Let us consider
first two cases in which this can be done in a straightforward manner.

Consider the well-known complete and orthonormal system of Haar de-
fined/by (see e.g. Kaczmarz-Steinhaus, Theorie der Orthogonalreihen, p. 44)

)

Py <z< Py

xo (%) =1, 0<x<1,
® { 1, 0<x<1/2,
x) =

X -1, 12 < %<1,
2112, 0<x<1/4,
xi () = {—2u2 1/4 < x < 12,
0, 12<x<1,
0, 0<x<1/2,
xi (x) =1 21, 1/2 < = < 3/4,
—212 3/4<x<1,

2k —2 2k—1
2miz <z< ,

2m+l 2m+1

(k)
Xm (®) =1 _ e 2k — 1 2k

k=1,2,3-.-,2m
X = (0, 1) and du is Lebesgue measure.

otherwise,



134 ULF GRENANDER [May

It will be convenient to use a simple index v for the enumeration of these
indices, so that we have the functions ¢.(x), v=1, 2, .., n, where
n=2+2+42%4 ... 42m=2m+ Note that we have not completely specified
the order for the x®(x) because in each group with fixed m the order has not
been defined. We shall return to this point later. Let the midpoints
(s+1/2)/2m+1 of the intervals (s/2m+!, (s+1)/2»+1) be denoted by «x,,
s=0,1,:- -+, n—1.

Let us choose C as the set of all real-valued continuous functions on the
interval (0, 1). Take % as the set {¢,(x), v=1,2 .- } and A4 as the cor-
responding linear hull. Of course CC 4.

It is easy to show that { M.(g); gEA4} is a trace complete class. Indeed if
g€, that is,

8(x) = xmo(®),
then ¢,(x)g(x) =const.-¢,(x) if »>2m+1. Hence

() = f () eu(2)g(x)dx = 0,

if », u>2mot! and v>u, and the condition of Theorem 2 is satisfied.
To determine L we note that

n 1 n 1
p(g) = —2 r(2)g(x)dx.

But if v > 2met! then
1
2
[ sz = g,
0
where x, is the midpoint of the interval where ¢,(x)#0. Now it is clear that
when 7 =2m increases, then the points x, will tend to be more and more uni-

formly distributed over (0, 1). As g(x) is a step-wise continuous function the
Riemann sums will converge and we find

1
lim 1" (g) = f g(2)dz,
n— o 0
so that the completed functional becomes

1
L) = f f()ds.

Now we only have to find the distribution with moments

1
my = fthD(t) = L(f?) = fo fP(x)dx.
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It is evident that D(¢) =m{x| flx)= t}, in other words, there is a canonical
distribution, viz. Lebesgue measure on (0, 1).

The reader may have noted that we let # run through only the integers of
the form 2+ m =1, 2, - - - . This restriction can be removed easily, but one
has then to specify the ordering of the x® in each group with subscript m.
This can be done so that we still arrive at the same canonical distribution.
It is not difficult to see that by ordering the ¢,’s differently we can obtain a
situation where not only no canonical distribution exists, but the eigenvalue
distributions diverge unless g(x) is identically constant.

The Toeplitz matrices of Haar type show a behavior similar to that of the
classical Toeplitz matrices mentioned in the first section. In both cases the”
canonical distributions are uniform over the intervals (0,,1) and (0, 2w)
respectively.

The result is different when we start from the Legendre polynomials,

v

p 1 d
A2) = 2'_;" dx’

(x2 - 1)2’
or after norming
1 1/2
o) = (v 5) 2o

Here X =(—1, 1) and du is Lebesgue measure. Let us take for C all real con-
tinuous functions on (—1, 1) and, for ¥, the set {x', v=0,1,--. } so that
A consists of all polynomials with real coefficients.

If g€, g(x) =", then g(x)¢d,(x) is a polynomial of order v+ and hence
orthogonal to ¢,(x) if u>v+r. As

Moa(g) = f_ Sz = 0

if [v—u| > it is clear that Theorem 2 is immediately applicable.
The easiest way to find L is to use the relation

2
2 > A, A, v — 45+ 1
Pv(x) = Z - P2'-—2l(x)’
=0 Ao, 4 —2s+1

where
1-3.5---(2m - 1)
m! ’

An =

(see Whittaker-Watson p. 331). If g€ 4 it can be written as a linear combina-
tion of P,’s and it will be sufficient to deal with g(x) =P,(x). If I is odd,
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My = J2 1¢,(x) P1(x)dx =0. Otherwise, ] =2k, we have, using the above relation
and the orthonormality of the ¢'s,

41 A, 4k+1 2
m,(g) = Ay

2 Aper 20+ 2k + 1 4k + 1
K G—k+ DG —k+2) -+ k) Ar
"o — 2kt )2+ 2k +3) - (vt 2k — 1) 2%k

as » tends to infinity. On the other hand we have (see Erdélyi [1, p. 183])

~

2

1 " Ax
;]LTP%(COS 0)d0 = %7

so that
. 1 r~
lim m,.(g) = — f Pyr(cos 6)d9.
y—o® 21!' —x
Hence
@ = [ stcosnar = [ g
= — cos = — z) ————— -
m@ =] & 2 ) B T m

The functional L has the same form and the limiting eigenvalue distribution
has the moments

dx
(1 — x2)r2’

In other words there is a canonical distribution u absolutely continuous with
respect to Lebesgue measure on 1 with the density p/(x) =1/2(1 —x2)1/2,

5. Existence of limiting and canonical distributions. In the last section we
showed that u®(g) converges to ui(g) in two special cases and how L can
be determined. We shall now consider a method of more general applica-
bility. For this purpose we shall take advantage of the fact that the function

1 pt
my = L(f?) = 1f"(x) fec.

Kxi2) = 3 | én(a) |2

r=0

has been explicitly evaluated for most of the classical orthogonal systems (see
Watson [7] and Meixner [3]) inside the domain of convergence of the series.
We can then compute the function

©) Clgis) = 3 = fx | 6(2) Pe(2)im(x) = 3 wmnle), g€ A

y=0 =0

As g is bounded we can always assume that 0 <m < g(x) £ M < « after adding
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a constant to g which affects the eigenvalues only by adding the same con-
stant to them. But then

m = mW(g) =M,

so that G(g; 2) is clearly regular inside the unit circle |z[ <1 and has a singu-
larity at the point z=1. Let us assume that this is a pole; of course this has
to be investigated from case to case. As G(g; z) =M/ (l—lzl ; this pole is
then of order one. We obtain

THEOREM 4. Assume that for each g &N the function G(g; 2) has a pole at
z2=1 and denote the residue by R(g). If { M.(g); gE?I} is a trace complete class,
then the Toeplitz matrices M,(f), fEC, have limiting eigenvalue distributions
with the moments m,=L(f?), where L is the linear functional in C obtained by
extending R(g).

Proof. As { M.(g); gE¥} was a trace complete class, Theorem 3 tells us
almost immediately that we need only show the convergence of u™(g) to
R(g?). But the coefficients of the power series (6) are positive and G(g; 2)
~R(g)/(1 —2) when z2—1, say taking real values. Then a famous theorem of

Hardy-Littlewood (see [2]) implies that

1 n) 1 1 1
— w1 (g) = — tr Ma(g) = — > m(g) ~ R(g),
n n ” y=0

and the proof is completed.
In a situation that is more special but still of some generality we can show
more, viz. the existence of a canonical distribution.

THEOREM 5. Let X be a compact set in a finite-dimensional Euclidean space
and let the functions in C be continuous. The existence of limiting eigenvalue dis-
tributions for the trace complete Toeplitz matrices M,(g) EN implies the existence
of a canonical distribution.

Proof. Just as before ui(g) can be extended to a bounded linear functional
L defined on C. But then according to a theorem of F. Riesz [4] L can be
written as

L(f) = fx A(2)dW (=),

where W is a set function of bounded variation on X. But as L(f) is a mono-
tonic functional (see §1) it is clear that W is also monotonic. On the other hand
for f(x)=1 we have M,(1)=1I and L(1) =1 so that the total variation of W
is 1. Hence W is a measure normed to one on X, and as the limiting eigenvalue
moments are given by

my = L(f7) = fx F(x)dW (x), p=12---,
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it is clear that the corresponding limiting distribution is
D(t) = W{x| f(=) < ¢},

or in other words, W is a canonical distribution.

6. Toeplitz forms of Hermite type. Let us now consider the case when
X=(— oo, ©), du(x) =e¢~*dx, and where the ¢'s are the normalized Hermite
polynomials

e a@ .

() = ————— — ¢ 7,

1r1/427l2(y !)112 dx’

If we choose C as L(— «, =) or some other set of functions tending to zero
or some other definite value on the average as x— + », we can show that the
eigenvalue distributions converge but the result will be rather trivial. Instead
we shall choose C as the set of all real-valued functions which are almost
periodic (in Bohr's sense) on (— «, ). We take for % the set {cc""+Eé"“;
¢ complex, \ real} so that 4 will consist of all finite and real trigonometric
“polynomials.”

The author has not been able to prove that this is a trace complete class.
Still if we assume that this has been done, we could proceed to the derivation
of ui(g). One knows that for Izl <1

© o, 1 2x%
Ko 2) = L ola)s = o ex {1 ¥ z} ’

(see Erdélyi [1, p. 194]). Then using Lebesgue’s theorem on dominated con-
vergence we find

G(e™?; z) =f K(x; z)é=+sdy

1 0 2 1 —_
- (=(1 — zz))uzf exp {— x: + ZZ) + i)\x} d

1 .1+ 2
e .
1—2 1 -3

If A=0 then this has the residue 1 at z=1, otherwise R(e+) =0. Hence.
R(e™*) = by,

so that for any g& we see that R(g) is simply the coefficient of the constant
term of the trigonometric polynomial. This can be written

1 A
R(g) = lim — dx,
() lim — g(x)dx

—A
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and the completed functional L has exactly the same form. Hence the limiting
eigenvalue moments are given by

4
mp, = L(f?) = lim fP(x)dx,
Ao —A
so that the asymptotic eigenvalue distribution D is
Lebesguemeasure of {z| f(x) < ¢, | x| < 4}

D(@) = li .
@ A—-»mln 24

These distributions are not generated by any canonical distribution.

7. A case of harmonic polynomials. An example of a different character
is obtained by choosing for X the unit circle |x| =1, for dm the Lebesgue
area, and for the orthonormal system:

do(x) = (1/m)'2,
¢2’(x) = ((2" + 1)/”)1[’ 7" cos "ol v = ly 21 tt
d21(x) = ((2v + 1)/x)V2 ¢ sin 19, v=1,2-.-,

where x =re®. Let us first take ¥ as the set of functions {r” cos 19, 7” sin 8;
v=0,1, .- }, so that C consists of all real-valued functions harmonic in
the closed unit circle. For g€, say g(x) =77 sin 4, it is clear that m,,(g) =0
for |u— p,l > p and similarly for g(x) =r? cos p8, so that Theorem 1 is applica-
ble, showing that {M,.(g); g€} is a trace complete class of Toeplitz ma-
trices.

It is clear that for g(x) =77 cos p6

W1 propor
may,2(g) = f f r+1+7 cos? yf cos pOdrdd
re=0 ¢ G0

™
w41
(2v+ 2+ p)r

1 g
=—fawm
21‘ [

as y—«. Then

2x 1 2=
f cos? v cos pido — — f cos p0do
0 2nJ,

1 L
. m .
tim ui”(9) = = [ gt

n—o 21!‘ 0

and according to Theorem 3 the eigenvalue distributions converge to the one
with the moments m,=L(f?) where the functional L is given by

2x
M L(f) = ﬁ f(e¥)ds = 5(0)

0
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as the functions in C are harmonic in |x| 1. This means that there exists a
canonical distribution (as we already know from Theorem 5) with all its
variation concentrated in the single point x=0.

8. Summary. We have seen that the eigenvalue distributions of Toeplitz
matrices M,(f) can behave in various ways for large values of ». While in
some cases (associated with Haar functions enumerated in a certain order)
the distributions diverge, one may conjecture that these are also cases when
the distributions converge but no canonical distribution exists. Finally there
are cases when the canonical distribution exists and is absolutely continuous
(for the classical Toeplitz matrices, those of Legendre type and others) or
discrete (the case in 7).

For the important family of trace complete Toeplitz matrices we have
shown that it is necessary to consider only the first order eigenvalue moments
pP(f) as n tends to infinity. If this limit exists in a sufficiently wide class of
functions fE A, then the limiting distribution exists altogether. If moreover
X and C have the properties of Theorem 5 there is a canonical distribution.

One direct and one indirect method of determining L have been described,
but the possibilities are far from exhausted, and in more complicated situa-
tions other ways have probably to be devised.
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